We study higher syzygies of a ruled surface X over a curve of genus g with the numerical invariant e. Let L ∈ PicX be a line bundle in the numerical class of aC 0 + bf . We prove that for 0 ≤ e ≤ g − 2, L satisfies Property N p if a ≥ p + 2 and b − ae ≥ 3g − e + p and for e ≥ g − 1, L satisfies Property N p if a ≥ p + 2 and b − ae ≥ 2g + 1 + p. By using these facts, we obtain Mukai type results. For ample line bundles A i , we show that K X + A 1 + · · · + A q satisfies Property N p when 0 ≤ e < g−2 2 and q ≥ g − 2e + 2 + p or when e ≥ g−2 2 and q ≥ p + 4. Therefore we prove Mukai's conjecture for ruled surface with e ≥ g−2 2 . Also we prove that when X is an elliptic ruled surface with e ≥ 0, L satisfies Property N p if and only if a ≥ 1 and b − ae ≥ 3 + p.
Introduction
Let X be a smooth complex projective variety and let L ∈ PicX be a very ample line bundle. Consider the embedding X ֒→ PH 0 (X, L) = P defined by the complete linear system of L. Let S be the homogeneous coordinate ring of P and consider the graded S-module E = ⊕ n∈Z H 0 (X, L n ). Let
be a minimal graded free resolution of E. A main goal to study higher syzygies is to interpret the information carried by the graded Betti number k ′ i,j s. In particular, the distribution of zeroes in the Betti table enables us to understand the geometry of X ֒→ P. Along this point of view, many people have studied the so-called Property N p which means that first few modules of syzygies are as simple as possible. Definition 1.1 (Green-Lazarsfeld, [10] ). (X, L) satisfies Property N p if k i,j = 0 for 0 ≤ i ≤ p and j ≥ 2. Equivalently, Property N p holds for X ֒→ P if E admits a minimal free resolution of the form · · · → S mp (−p − 1) → · · · → S m 2 (−3) → S m 1 (−2) → S → E → 0.
Therefore Property N 0 holds if and only if X ֒→ PH 0 (X, L) is a projectively normal embedding, Property N 1 holds if and only if Property N 0 is satisfied and the homogeneous ideal is generated by quadrics, and Property N p holds for p ≥ 2 if and only if it has Property N 0 and N 1 and the k th syzygies among the quadrics are generated by linear syzygies for all 1 ≤ k ≤ p − 1.
Concerning higher syzygies, M. Green [9] obtained the first general result. He proved that if C is a smooth curve of genus g and if deg(L) ≥ 2g + 1 + p, then (C, L) satisfies Property N p . This result was rediscovered by M. Green and R. Lazarsfeld [11] . Also they classified all pairs (C, L) for which "2g + 1 + p" theorem is optimal. Theorem 1.1 (Green-Lazarsfeld, [11] ). Let L be a line bundle of degree 2g +p (p ≥ 1) on a smooth projective curve X of genus g, defining an embedding C ֒ → PH 0 (C, L) = P g+p . Then (C, L) fails to satisfy N p if and only if either (i) C is hyperelliptic or (ii) C ֒ → P g+p has a (p+2)-secant p-plane, i.e., H 0 (C, L−K C ) = 0 or equivalently L = K C + D for some effective divisor D of degree p + 2.
Then Mukai observed that Green's Theorem implies for ample line bundle A on a smooth curve C, K C + (p + 3)A satisfies Property N p . And he has conjectured that (⋆) Mukai's Conjecture. For a smooth projective surface S and an ample line bundle A ∈ PicS, K S + (4 + p)A satisfies Property N p .
Though this conjecture is still open, some progress has been made by D. Butler for ruled surfaces [1] and by F. J. Gallego and B. P. Purnaprajna for elliptic ruled surfaces [4] [5], surfaces of nonnegative Kodaira dimension [6] [7] and rational surfaces [8] .
The aim of this article is to study higher syzygies of ruled surfaces over irrational curves with numerical invariant e ≥ 0. More precisely, we refine results in [5] and [1] . We will follow the notation and terminology of R. Hartshorne's book [12] , V §2. Let C be a smooth projective curve of genus g and let E be a vector bundle of rank 2 on C which is normalized, i.e., H 0 (C, E) = 0 while H 0 (C, E ⊗ O C (D)) = 0 for every divisor D of negative degree. We set e = ∧ 2 E and e = −deg(e).
Let X = P C (E) be the associated ruled surface with projection morphism π : X → C. We fix a minimal section C 0 such that O X (C 0 ) = O P C (E) (1) . For b ∈ PicC, bf denote the pullback of b by π. Thus any element of PicX can be written aC 0 + bf with a ∈ Z and b ∈ PicC and any element of NumX can be written aC 0 + bf with a, b ∈ Z. For elliptic ruled surfaces, F. J. Gallego B. P. Purnaprajna [5] obtained the following Mukai type results for Property N p . Theorem 1.2 (F. J. Gallego and B. P. Purnaprajna, [5] ). Let X be an elliptic ruled surface.
(1) Let L be a line bundle in the numerical class of aC 0 + bf .
(a) If e = −1 and a ≥ p + 1, a + b ≥ 2p + 2, and a + 2b ≥ 2p + 2, then L satisfies Property N p . (b) If e ≥ 0 and a ≥ p + 1, b − ae ≥ 2p + 2, then L satisfies Property N p .
(2) If B 1 , · · · , B p+1 ∈ PicX are ample and base point free line bundles, then Property N p holds for
satisfies Property N p .
Although Mukai's conjecture suggests what form a generalization of Green's theorem to surfaces should have, more natural question would be:
( * ) For a given normally generated very ample line bundle, what is the largest p such that Property N p holds for the line bundle?
For this naive problem they made the following:
Conjecture. (F. J. Gallego and B. P. Purnaprajna, [5] ) Let X be an elliptic ruled surface and let L ∈ PicX be a line bundle in the numerical class aC 0 + bf . This conjecture has been solved for p = 0 by Yuko Homma [13] [14] and for p = 1 by Gallego-Purnaprajna [4] . And our first main result is that this conjecture is true when e ≥ 0 or e = −1 and a = 1: We remove the condition a ≥ p + 1 in Theorem 1.2.(1). Also we classify all projectively normal elliptic surface scrolls which satisfies Property N p . (1) shows that Mukai's conjecture is true of elliptic ruled surfaces with e ≥ 0. Also this is optimal. Indeed let A = aC 0 +bf be an ample line bundle such that b − ae = 1. Then K X + (3 + p − e)A fails to satisfy Property N p+1 by Theorem 1.3.
Remark 1. Assume that e = −1 and let A = aC 0 + bf be an ample line bundle. If a + 2b ≥ 2, i.e., A is base point free, then K X + qA satisfies Property N p for q ≥ 3 + p since K X + qA = (aq − 2)C 0 + (bq + 1)f . Therefore for elliptic ruled surface with e = −1, Mukai's conjecture is true for base point free ample line bundles, and the only remaining case is when a+ 2b = 1, that is, A is ample but not base point free(e.g.
When C is an arbitrary irrational curve, the author has obtained that Theorem 1.6 (Theorem 1.2, [3] ). Let L ∈ PicX be a line bundle in the numerical class of aC 0 + bf and let L C be the restriction of L to C 0 . Example. Assume that e ≥ g − 1 and fix a positive integer p. Let L = aC 0 + bf ∈ PicX be such that b = K C − ae + D and D is an effective divisor of degree 2 + p. Then by Theorem 1.1, L C = K C + D does not satisfy Property N p . So Theorem 1.7 implies that (X, L) satisfies Property N p−1 and Property N p does not hold.
Also by using this Theorem 1.7 we prove the following Mukai's type result. To study the distribution of zeros in the Betti table, we use the so-called Koszul cohomology developed by Mark Green [9] . In particular, this method enables us to show some vanishing of Betti numbers by the vanishing of cohomology groups of certain vector bundles. We reduce the problem to show vanishing of cohomology groups on ruled surfaces to that on curves. Then we use some numerical conditions to kill higher cohomology groups of vector bundles on curves.
It seems the most interesting part of our result that when e ≥ 0, higher syzygies of ruled surfaces is closely related to that of the minimal section C 0 . In Theorem 1.3.(1), b − ae is the degree of L C which is the restriction of L to the minimal section C 0 . Therefore Property N p of L on X is equivalent to that of the restriction of L to the minimal section by Green's "2g + 1 + p" theorem and Theorem 1.1. These follow from the long exact sequence of cohomology groups induced by the short exact sequence
associated to the minimal section C 0 on X. For a smooth projective variety Z and a very ample line bundle L ∈ PicZ, the relation of higher syzygies between a variety (Z, L) and a subvariety (Y, L Y ) was investigated by M. Green where Y ∈ |L| is smooth and L Y is a restriction of L to Y . His Theorem (3.b.7) in [9] deals with the case when H 1 (X, O X ) = 0. F. J. Gallego and B. P. Purnaprajna applied this to the case of rational ruled surfaces and obtained the following: Theorem 1.9 (F. J. Gallego and B. P. Purnaprajna, [8] ). Let X be the rational ruled surface associated to O P 1 ⊕ O P 1 (−e). Let L be a line bundle in the numerical class of aC 0 + bf . Then L satisfies Property N p if and only if a ≥ 1 and 2a + 2b − ae ≥ 3 + p.
Indeed they proved that (X, L) satisfies Property N p if and only if (C, L C ) satisfies Property N p where C ∈ |L| is a smooth hyperplane section and L C is the restriction of L to C. Then they called C the extremal curve with respect to L. See Remark 1.5 in [8] for details. Unfortunately this does not hold for ruled surfaces over irrational curves. So we prove a similar statement. Roughly speaking, we prove that for e ≥ 0 the minimal section C 0 plays the same role as extremal curves on rational ruled surfaces. Obviously the existence of extremal curves enables us to apply fruitful results about higher syzygies of curves. We remark that one can not expect such a connection when e < 0. For details, see §4.
The most natural question for Property N p is that for a given very ample line bundle L on X, determine the largest p such that Property N p holds for L. In the last section, we suggest some open problems about this question.
Preliminary
2.1. Notations and Conventions. Throughout this paper the following is assumed.
(1) All varieties are defined over the complex number field C.
(2) For a finite dimensional C-vector space V , P(V ) is the projective space of onedimensional quotients of V .
(3) When a variety X is embedded in a projective space, we always assume that it is non-degenerate, i.e. it does not lie in any hyperplane.
(4) When a projective variety X is embedded in a projective space P r by a very ample line bundle L ∈ PicX, we may write O X (1) instead of L so long as no confusion.
2.2.
The slope of vector bundles on a curve. Let C be a smooth projective curve of genus g. For a vector bundle F on C, the slope is defined as µ
We present some useful properties of µ − . Details may be found for instance in [1] .
Therefore for a vector bundle E, if µ − (E) > 2g−1, then the evaluation map determines an exact sequence of bundles:
And Butler obtained the following very useful result:
2.3. Regularity of vector bundles over ruled varieties. Let E be a vector bundle of rank n + 1 over a smooth projective variety Y and let X = P Y (E) with the projection map π : X → Y and tautological line bundle H.
Definition 2.1. For a vector bundle F over X, we say that F is f π-regular when R i π * (F(f − i)) = 0 for every i ≥ 1.
Here
By definition, a line bundle of the form aH + π * B is (−a) π-regular. We present some basic facts about the π-regularity. Lemma 2.3 (Lemma 3.2, [1] ). Let F and G be two vector bundles on X with f and g π-regularity, respectively.
(3) If f ≤ 0 and F = π * (π * F), there is an exact sequence of vector bundles on X
2.4. Ruled Surfaces. Let X be a ruled surface over a smooth projective curve C of genus g. We use notations in §1 and survey some basic facts about X:
(1) The restriction of aC 0 + bf to C 0 is b + ae.
(2) The canonical line bundle of X is given by K X = −2C 0 + (K C + e)f .
(3) The arithmetic genus p a (X) = −g and the geometric genus p g (X) = 0. and the minimal free resolution
These integers are called Betti numbers of F . There is the following general connection between syzygies and some cohomology groups.
Theorem 2.4 (Theorem 4.5, [2] ). There is an exact sequence (1)). Therefore k i,j = dim k Coker(α i,j ) and we have the exact sequence
In this paper, we concern the case when F is a coherent sheaf on a subvariety X ⊂ P. Under this situation, Theorem 2.4 guarantees that there is an exact sequence
2.6. Cohomological interpretation of Property N p . We review some cohomological criteria for Property N p . Let X be a smooth projective variety of dimension n ≥ 1 and let L ∈ PicX be a very ample line bundle. Consider the natural short exact sequence
Lemma 2.5. Suppose that the ideal sheaf I X/P of X ֒→ P = PH 0 (X, L) is 3-regular in the sense of Castelnuovo-Mumford, i.e., that H i (P, I X/P (3 − i)) = 0 for all i ≥ 1. Then for p ≤ codim(X, P), Property N p holds for L if and only if H 1 (X, ∧ p+1 M L ⊗ L) = 0.
Proof. See §1 in [11] .
Remark 4. Let X be a smooth projective surface with geometric genus 0, i.e., H 2 (X, O X ) = 0. Let L ∈ PicX be a normally generated very ample line bundle such that H 1 (X, L) = 0. Then it is easy to check that I X/P is 3-regular. 
Lemma 2.6. Under the situation just stated, assume that H 1 (X, L ℓ ) = 0 for all ℓ ≥ 1 and W = H 0 (X, L). Then (X, L) satisfies Property N p if and only if
Proof. We use induction on c.
When c = 0, this is a well-known criterion for Property N p .
When c ≥ 2, fix a filtration H 0 (X, L) = W ⊂ W 1 ⊂ · · · ⊂ W c = V of subspaces each having codimension one in the next. Then assertion comes by repeating the process in the case c = 1.
Main Theorems
Let π : X → C be the projection morphism. Let L = aC 0 + bf ∈ PicX be a line bundle in the numerical class of aC 0 + bf such that a ≥ 1 and b − ae ≥ 2g + 1. Let F denote π * L = S a (E) ⊗ b. Then µ − (π * L) = b − ae and hence by Lemma 2.1, L is very ample and H 1 (X, L ℓ ) = 0 if ℓ = 0. Now consider the exact sequences
Lemma 3.1. Let N ∈ PicX be a line bundle in the numerical class of sC 0 + tf .
(2) For m ≥ 1,
Proof. Consider the exact sequence
where K L is a vector bundle of rank a on X which is 1 π-regular by Lemma 2.3. Using Snake Lemma , we have the following commutative diagram: 0
(1) From the exact sequence
the desired vanishing is obtained if
).
Since we are in characteristic zero, ∧ i K L is a direct summand of T i K L , and therefore it suffices to show that
Lemma 2.3 guarantees that T i K L is i π-regular and hence
from the assumption s ≥ min{m, a}. So by Lemma 2.1, it suffices to show that
First we claim that
For (i), apply Lemma 4.3 in [1] to the case V = L and W = C 0 in Butler's notation.
Since K L ⊗ C 0 is 0 π-regular and
repeated application of Lemma 2.3.(4) shows that
which completes the proof of (ii). From this claim,
implies the desired vanishing.
(2) In the same way,
by Lemma 2.3.
Proof of Theorem 1.3(1) and (2) . By Lemma 3.1, This part is indeed a special case of Theorem 1.2 in [3] . To complete the proof it remains to show that when e ≥ 0, ( * ) if b − ae = 3 + p for some p ≥ 0, then L fails to satisfy Property N p+1 .
Consider the exact sequence
where L C is the restriction of L to C. It is easy to check that H 1 (X, O X (−C 0 ) ⊗ L ℓ ) = 0 for all ℓ > 0(see Proposition 3.1 in [4] ). So we have the exact sequence 0 → R 1 → R 2 → R 3 → 0 of graded S-modules with maps preserving the gradings and hence there is a long exact sequence
See Corollary (1.d.4 ) in [9] . We need the following part:
by Theorem 2.4. By Lemma 3.1,
Assume that L satisfies Property N p+1 , then M p+1,p+3 (R 2 , V ) = 0 and hence M p+1,p+3 (R 3 , V ) = 0 which implies that (C, L C ) satisfies Property N p+1 . This is impossible since deg(L C ) = 3 + p. So M p+1,p+3 (R 2 , V ) = 0 and hence Property N p+1 does not hold for (X, L). Now we prove Corollary 1.8 and 1.5. Recall numerical criteria for base point freeness for line bundles on X. Proof of Corollary 1.8. Put A i = a i C 0 + b i f . Therefore
Since ( b i − e) − e( a i − 2) ≥ q + e for e ≥ 0, Theorem 1.3 guarantees (1). When e = −1, see Corollary 6.2 in [5] .
Proof of Corollary 1.5. When e ≥ 0, put For a given normally generated very ample line bundle, it is one of the most natural questions that for which p the line bundle satisfies Property N p . If X is an elliptic ruled surface with e ≥ 0, this question is answered perfectly in Theorem 1.3.(1). It seems very interesting that ( * ) for a line bundle L ∈ PicX in the numerical class of aC 0 + bf with a ≥ 1, Property N p holds for L if and only if so does for the restriction of L to the minimal section C 0 .
That is, for elliptic ruled surfaces with e ≥ 0 the higher syzygies of line bundles are closely connected with that of the minimal section. Now we turn to the case e = −1.
First we review results for normal generation and normal presentation. For p = 2, this is checked for L in the numerical class C 0 + 4f or 2C 0 + 3f ( [5] , §7). Now we show that this conjecture is true for scrolls, i.e., a = 1. From the shot exact sequence
where N C is the restriction of N to C 0 . Note that (ii) The short exact sequence
gives the following long exact sequence:
It is clear that H 2 (X, O X (−C 0 ) ⊗ N) = 0. Also by Lemma 3.1,
By (i) and (ii), H 1 (X, ∧ p+2 M N ⊗ N) = 0 which completes the proof.
Results on higher syzygies of elliptic ruled surfaces with e = −1 are summarized in Figure. Proof of Theorem 1.7. From the shot exact sequence
Let ν = b − ae. Then the second inequality is equivalent to
and it is a tedious calculation that this inequality holds if 0 ≤ e ≤ g − 2 and b − ae ≥ 3g − e + p or if e ≥ g − 1 and b − ae ≥ 2g + 1 + p. (iii) By the same way as in (ii), when e ≥ g − 1,
By (i) and (ii), H 1 (X, ∧ j M L ⊗ L) = 0 for all 1 ≤ j ≤ p + 1 which implies that (X, L) satisfies Property N p by Lemma 2.5. Therefore (1) and (2) are proved. By (iii) and (iv),
To apply Theorem 1.7, it is necessary that a i − 2 ≥ p + 2 which is true since a i − 2 ≥ q − 2 and q ≥ 4 + p. Therefore L satisfies Property N p Since max{g − 2e + 2, 4} = g − 2e + 4 if e < g−2 2 , and 4
if e ≥ g−2 2 , we obtain the desired statement.
Open questions and Conjectures
For a given normally generated very ample line bundle, it is one of the most natural questions that for which p the line bundle satisfies Property N p . Along this line, we suggest open questions related to higher syzygies of line bundles on ruled surfaces. Let X be a ruled surface over a smooth projective curve C of genus g. Let L ∈ PicX be a line bundle in the numerical class of aC 0 + bf with a ≥ 1 and let L C be the restriction of L to C 0 . These facts are summarized in Figure. 1. In this figure, the integral points of the coordinate plane represent the classes of Num(X) and the shadowed regions contain the line bundles which satisfy Property N p . From these results and Green's "2g + 1 + p" theorem, the most natural hope in general would be the following:
This conjecture implies Mukai's conjecture for ruled surfaces with e ≥ 0 as in the case of Corollary 1.8.(2). More precisely, this guarantees the following:
( * ) Let L = K X + A 1 + · · · + A q where A i is ample and q ≥ 3. Then L satisfies Property N p if q ≥ 3 + p − e.
Also in the direction of Theorem 1.7.
(3), we make the following: These two conjectures imply that when e ≥ 0, the higher syzygies of line bundles would be closely connected with that of the minimal section. Theorem 1.3 implies exactly that these are true for elliptic ruled surfaces.
Stable Cases.
When e < 0, it is known that ( * ) (Theorem 1.2, [3] ) If 2b − ae ≥ 6g + 2p, then Property N p holds for L.
It is very interesting that when e < 0, we can not expect relations between higher syzygies of (X, L) and that of the (C, L C ) as discussed in §4. On the other hand, results of Yuko Homma [14] and Gallego-Purnaprajna [5] about elliptic ruled surfaces make the following conjecture affirmative. 
